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Abstract
This paper characterizes the nonsmooth quasiconvex and pseudoconvex functions using the properties of
limiting subdifferentials.
© 2006 Elsevier Inc. All rights reserved.
Keywords: Limiting subdifferential; Quasiconvex; Pseudoconvex
1. Introduction
Convex and generalized convex functions have been studied by many authors because they
play a crucial role in some applied fields of research (see e.g. [1,6]). Many scholars have char-
acterized the different classes of generalized convex functions and have addressed important
properties of them (see [1–3]). Also the notion of generalized differentiation plays a funda-
mental role in modern variational analysis [4,8–10]. In this paper we deal with the concept of
nonsmooth quasiconvex and pseudoconvex functions and provide some of their properties. The
study has been carried out in the absence of gradient vectors, and by using the properties of
limiting subdifferentials.
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Throughout this paper we consider f :S ⊆ Rn → R as a real-valued function where S is a
nonempty open convex set in Rn. The metric projection of a point u ∈ Rn to a nonempty set
D ⊆Rn is given byMD(u) = {x ∈ D: ‖u − x‖ ‖u − y‖ ∀y ∈ D}. The proximal normal cone
to D at x ∈ D is given by
NPD(x) =
{
d ∈Rn: ∃(λ 0, u ∈Rn \ D) such that x ∈MD(u) and d = λ(u − x)}.
A vector ζ ∈Rn is said to be a proximal subgradient of f at x ∈ S if (ζ,−1) ∈ NPepif (x, f (x)),
where epif = {(x, z): z f (x)} ⊆ Rn+1. The set of all proximal subgradient vectors of f at x
is denoted by ∂P f (x). A vector η ∈ Rn is a limiting subdifferential vector of f at x ∈ S if
there exist two sequences {ζi} ⊆ Rn and {xi} ⊆ S such that ζi ∈ ∂P f (xi), ζi → η, xi → x, and
f (xi) → f (x). The set of all limiting subdifferential vectors of f at x is denoted by ∂Lf (x).
The notion of the limiting subdifferential was first introduced, in the equivalent form, in [8].
One of the classes of functions whose set of limiting subdifferentials is nonempty is the class of
locally Lipschitz functions. Considering this class, the following results are obtained and known
in nonsmooth analysis (see [4,5,9,10]).
Theorem 2.1. Let f be locally Lipschitz at x ∈ S, then ∂Lf (x) is closed. In fact, if xi → x,
ηi ∈ ∂Lf (xi), and ηi → η, then η ∈ ∂Lf (x).
Theorem 2.2. If f is locally Lipschitz, then the set of all limiting subdifferential vectors of f is
uniformly bounded.
Theorem 2.3. Let f be locally Lipschitz on a neighborhood of line segment [x, y]. Then for
every  > 0 there exists a point z in the -neighborhood of [x, y] and ζ ∈ ∂P f (z) such that
f (y) − f (x) ζ T (y − x) + .
We close this section with definitions of the quasiconvex and pseudoconvex functions. Note
that Definition 2.5 is a generalization of the concept of pseudoconvexity for differentiable func-
tions to that for nondifferentiable ones (see [1]).
Definition 2.4. The function f is said to be quasiconvex if, for each x, x′ ∈ S and each λ ∈ [0,1],
we have f (λx+(1−λ)x′)max{f (x), f (x′)}. The function f is said to be strictly quasiconvex
if, for each x, x′ ∈ S with f (x) 	= f (x′) and each λ ∈ (0,1), we have f (λx + (1 − λ)x′) <
max{f (x), f (x′)}.
Definition 2.5. The function f is said to be pseudoconvex if, for each x, x′ ∈ S with
ηT (x − x′) 0 for some η ∈ ∂Lf (x′), we have f (x) f (x′).
Lemma 2.6. Let f be a locally Lipschitz and strictly quasiconvex function, then f is quasiconvex.
3. Main results
The following two theorems give the necessary and sufficient conditions for locally Lipschitz
quasiconvex functions, respectively.
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f (x) f (x′) we have ηT (x − x′) 0 for some η ∈ ∂Lf (x′).
Proof. Suppose that x, x′ ∈ S and f (x) f (x′). By quasiconvexity, we have
f (x′) − f (λx + (1 − λ)x′) 0
for each λ ∈ (0,1). By Theorem 2.3, for each  > 0, there exists a z in the -neighborhood of
line segment [λx + (1 − λ)x′, x′] and a ζ ∈ ∂P f (z) such that
0 f (x′) − f (λx + (1 − λ)x′) λζT (x′ − x) + ,
and hence
ζ T (x
′ − x) + 
λ
 0.
Now if  → 0, then the sequence {z} has a subsequence, say {z¯}, such that z¯ → xˆ where xˆ
belongs to the line segment [λx + (1 − λ)x′, x′]. Let the subsequence of {ζ} which is corre-
sponding to {z¯} be denoted by {ζ¯}. This subsequence is bounded with regard to Theorem 2.2,
and hence it has a convergent subsequence, say { ¯¯ζ }, where ¯¯ζ  → ηˆ. By Theorem 2.1 we get
ηˆ ∈ ∂Lf (xˆ). Therefore
ηˆT (x′ − x) = lim
−→0
(
¯¯ζ T (x′ − x) +

λ
)
 0.
Now if λ → 0, then xˆ → x′, ηˆ → η, where η ∈ ∂Lf (x′) regarding Theorem 2.1. This implies
that ηT (x′ − x) 0 and completes the proof. 
Theorem 3.2. Let f be locally Lipschitz on S, and suppose that for each x, x′ ∈ S with f (x)
f (x′) we have ηT (x − x′) 0 for all η ∈ ∂Lf (x′), then f is quasiconvex.
Proof. By contradiction suppose that f is not quasiconvex, then there exist x, x′ ∈ S and a
λ ∈ (0,1) such that f (x) f (x′) and
f
(
λx + (1 − λ)x′)> f (x′).
Setting x¯ = λx + (1 − λ)x′, we get f (x¯) > f (x′). Since f is locally Lipschitz, it is continuous
on S and hence there exists a δ ∈ (0,1) such that
f
(
μx¯ + (1 − μ)x′)> f (x′)
for each μ ∈ [δ,1] and
f (x¯) > f
(
δx¯ + (1 − δ)x′).
Now regarding Theorem 2.3 and in a similar way to the proof of Theorem 3.1 we can show that
there exists a μˆ ∈ (δ,1) and two vectors xˆ, ηˆ such that
xˆ = μˆx¯ + (1 − μˆ)x′, ηˆ ∈ ∂Lf (xˆ),
and
0 < f (x¯) − f (δx¯ + (1 − δ)x′) (1 − δ)ηˆT (x¯ − x′)
which gives ηˆT (x¯ − x′) > 0 for some ηˆ ∈ ∂Lf (xˆ). This implies that
ηˆT (x − x′) > 0
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λ¯ ∈ (0,1) such that xˆ = λ¯x + (1 − λ¯)x′. Regarding the assumption of the theorem we get
ηˆT (x − xˆ) 0 which gives
ηˆT (x − x′) 0.
So far, we have obtained
0 < ηˆT (x − x′) 0
which is an obvious contradiction and completes the proof. 
The rest of this section provides some relations between the quasiconvex and pseudoconvex
functions.
Theorem 3.3. Let f be a pseudoconvex locally Lipschitz function on S, then f is strictly quasi-
convex.
To prove Theorem 3.3, we need the following lemma, which we state and prove before estab-
lishing Theorem 3.3.
Lemma 3.4. Let f be a locally Lipschitz function on S, and there exist x, x′ ∈ S such that
ηT (x′−x) < 0 for each η ∈ ∂Lf (x′), then there exists a μ ∈ (0,1) such that f (μx′+(1−μ)x) >
f (x′).
Proof. Since S is open and f is locally Lipschitz on S, considering a 0 < δ < 1 f is locally
Lipschitz on a neighborhood of the line segment [x′ + δ(x − x′), x′]. Now, by Theorem 2.3, for
each  > 0 there exists a z in the -neighborhood of the line segment [x′ + δ(x − x′), x′] and a
vector η ∈ ∂P f (z) such that
f (x′) − f (x′ + δ(x − x′)) δηT (x′ − x) + .
Now if  → 0, then the sequence {z} has a subsequence, say {z¯}, such that z¯ → xˆ where xˆ be-
longs to the line segment [x′ +δ(x −x′), x′]. Let the subsequence of {η} which is corresponding
to {z¯} be denoted by {η¯}. By Theorem 2.2, this subsequence is bounded and has a convergent
subsequence, say { ¯¯η}, where ¯¯η → ηˆ. By Theorem 2.1, we get ηˆ ∈ ∂Lf (xˆ). Now if δ → 0, then
xˆ → x′, ηˆ → η, where η ∈ ∂Lf (x′) regarding Theorem 2.1. This implies that
lim
δ→0
f (x′) − f (x′ + δ(x − x′))
δ
 ηT (x′ − x) < 0,
where the last strict inequality is obtained from the assumption of the lemma. Thus there exists a
μ ∈ (0,1) such that f (x′) − f (x′ + μ(x − x′)) < 0. This completes the proof. 
Proof of Theorem 3.3. By contradiction suppose that f is not strictly quasiconvex, then there
exist x, x′ ∈ S and a λ ∈ (0,1) such that f (x) < f (x′) and
f
(
λx + (1 − λ)x′) f (x′).
Setting x¯ = λx + (1 − λ)x′, we get f (x¯) f (x′) > f (x). By pseudoconvexity assumption (re-
garding Definition 2.5) we have
ηT (x − x¯) < 0
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f (x¯) f (x′) by pseudoconvexity assumption. Therefore f (x¯) = f (x′).
On the other hand, by Lemma 3.4, there exist a vector xˆ and a μ ∈ (0,1) such that
S 
 xˆ = μx′ + (1 − μ)x¯
and f (xˆ) > f (x¯) = f (x′), because ηT (x′ − x¯) > 0 for each η ∈ ∂Lf (x¯). Thus, using the pseudo-
convexity assumption we get ηˆT (x′ − xˆ) < 0 and ηˆT (x¯ − xˆ) < 0 for each ηˆ ∈ ∂Lf (xˆ), while
ηˆT (x¯ − xˆ) = −μηˆ
T (x′ − xˆ)
1 − μ > 0.
This is an obvious contradiction and completes the proof. 
Corollary 3.5. By combining Lemma 2.6 and Theorem 3.3, we have: if f is a pseudoconvex
locally Lipschitz function on S, then f is quasiconvex.
We conclude the paper by providing another necessary condition for quasiconvexity in terms
of limiting subdifferentials. This results from Theorem 3.1.
Theorem 3.6. Let f be locally Lipschitz and quasiconvex on S. Then for each x, x′ ∈ S,
η
′T (x − x′) > 0 (∀η′ ∈ ∂Lf (x′)) ⇒ ηT (x − x′) 0 (∃η ∈ ∂Lf (x)).
Proof. Suppose that x, x′ ∈ S and
η′T (x − x′) > 0
for each η′ ∈ ∂Lf (x′). By Theorem 3.1 we have f (x) > f (x′) which implies that
ηT (x′ − x) 0,
for some η ∈ ∂Lf (x), and the proof is complete. 
Indeed the necessary condition provided in the above theorem is a generalization of the con-
cept of quasi monotonicity (see [7]) for multifunction ∂Lf (·). In fact this theorem shows that
generalized quasi monotonicity of ∂Lf (·) is a necessary condition for quasiconvexity of f .
Acknowledgments
The author thanks Professor B.S. Mordukhovich, editor of JMAA, for his useful guidance and suggestions which
improved the paper. The author also thanks the two anonymous referees for their helpful comments on the first draft of
this paper.
References
[1] M.S. Bazaraa, H.D. Sherali, C.M. Shetty, Nonlinear Programming: Theory and Algorithms, second ed., Wiley, New
York, 1993.
[2] J. Benoist, J.M. Borwein, N. Popovici, A characterization of quasiconvex vector-valued functions, Proc. Amer.
Math. Soc. 131 (2003) 1109–1113.
[3] J. Benoist, N. Popovici, Between quasi-convex and convex set-valued mapping, Appl. Math. Lett. 17 (2004) 245–
247.
[4] F.H. Clarke, Optimization and Nonsmooth Analysis, Wiley–Interscience, New York, 1983. Republished as: Classics
Appl. Math., vol. 5, SIAM, Philadelphia, PA, 1990.
1392 M. Soleimani-damaneh / J. Math. Anal. Appl. 330 (2007) 1387–1392[5] F.H. Clarke, Y.S. Ledyaev, R.J. Stern, P.R. Wolenski, Nonsmooth Analysis and Control Theory, Springer, New
York, 1998.
[6] G.M. Ewing, Sufficient conditions for global minima of suitable convex functionals from variational and control
theory, SIAM Rev. 19 (1977) 202–220.
[7] S. Karamardian, S. Schaible, Seven kinds of monotone maps, J. Optim. Theory Appl. 66 (1990) 37–46.
[8] B.S. Mordukhovich, Maximum principle in problems of time optimal control with nonsmooth constraints, J. Appl.
Math. Mech. 40 (1976) 960–969.
[9] B.S. Mordukhovich, Variations Analysis and Generalized Differentiation, I: Basic Theory, Grundlehren Ser. (Fun-
damental Principles of Mathematical Sciences), vol. 330, Springer, 2006.
[10] B.S. Mordukhovich, Variations Analysis and Generalized Differentiation, II: Applications, Grundlehren Ser. (Fun-
damental Principles of Mathematical Sciences), vol. 331, Springer, 2006.
